Abstract. In this paper we investigate the geography of some codimension two loci inside the moduli space of smooth cubic hypersurfaces in P 5 and the rationality of their elements. In particular, we study the loci of cubics which contain a plane and another surface, whose ideal is generated by quadratic equations. This is the case of cubic and quartic scrolls and Veronese surfaces -and some of their degenerations. Using the fact that all degenerations of quartic scrolls in P 5 contained in a smooth cubic hypersurface are surfaces with one apparent double point, we also show that every cubic hypersurface belonging to the divisor C14 is rational.
Introduction
Cubic hypersurfaces in P 5 are among the most studied objects in algebraic geometry. This is surely due to the wealth of geometry that they carry along, and possibly to the fact that they are somehow a very simply defined class of geometric objects, whose rationality has not been cleared out yet. The study of the moduli space, particularly through GIT and the period map, has known some very striking advances in the recent years, see for example [Vo, La, Lo] , and this analysis has been developed in parallel to the study of rationality. In fact the only examples of rational cubic fourfolds are contained in some very specific loci in the moduli space, that have been described by Hassett [Has99] and Beauville-Donagi [BD] , building on some remarks that date back to Fano [Fa] . In particular Hassett described a countable infinity of divisors C d that parametrize special cubic 4-folds, that is cubic hypersurfaces containing a surface not homologous to a complete intersection.
An interesting locus of rational cubics is given by Pfaffian cubics, i.e. cubic hypersurfaces whose equation is given by the Pfaffian of a 6 × 6 anti-symmetric matrix of linear forms. These cubics form an open set in the Fano-Hassett divisor C 14 . The special surface in the case of C 14 is a quartic rational normal scroll. The Pfaffian cubics form an open set in C 14 , which consists exactly of cubic four folds containing a smooth quintic del Pezzo surface, see [Be, Proposition 9.2] .
A second class of rational cubic fourfolds is parametrized by a countable infinity of codimension two irreducible families D i in C 8 , the divisor of cubic 4-folds containing a plane. The families D i consist of cubic 4-folds containing a plane P such that the natural quadric fibration obtained by projection from P has a rational section, yielding directly the rationality of these cubic hypersurfaces.
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In the first part of this paper we provide modern proofs of some results given by Fano in [Fa] . These results have been frequently cited and used in several papers but a modern account does not seem to have appeared elsewhere. In fact, via the study of the rational map defined by quadrics vanishing on a smooth quartic rational normal scroll and a quite subtle argument involving quadrics vanishing on two quartic rational normal scrolls intersecting in 10 points, we reprove one of Fano's geometrical gems in [Fa] , restated as follows.
Theorem 0.1. Let X ∈ C 14 , let T ⊂ X be a smooth quartic rational normal scroll and let T be the family of quartic rational normal scrolls contained in X. Then dim(T ) = 2 and the family T is parametrized by a surface S ′ which is a section of G(1, 5) ⊂ P 14 with a P 8 . The number of singular points of S ′ equals the number of planes spanned by conics in T contained in X.
The geometrical description of the divisor C 14 allows us to extend the known rationality of a general element of C 14 to each element of the family using generalized one apparent double point surfaces, dubbed OADP surfaces in the following (see Section 1 for precise definitions). As it is classically well known, see also [Ru, Section 5] , the mere existence of a OADP surface inside a cubic 4-fold implies its rationality. Most notably, the OADP property continue to hold for the degenerations contained in a smooth cubic hypersurface (but not for every projective degeneration). Thanks to this key observation we obtain one of our main contributions of this work.
Theorem 0.2. All the cubic 4-folds contained in the divisor C 14 are rational and C 14 is an irreducible divisor in C.
A Hodge theoretical proof of the irreducibility of C d for all d has been given by Hassett in [Has00] for the loci he constructed and in particular applies also for d = 14. In a forthcoming paper we will address the question of whether there exist smooth associated K3 surfaces (in the sense of [Has00] or [Kuz] ) for the non-Pfaffian, rational cubic 4-folds in C 14 .
Then we turn ourselves to a problem that has been treated for the first time in [ABBV-A] . We consider the intersections of C 8 with other divisors, notably C 12 , C 14 and C 20 . The general associated cubic fourfolds contain a cubic scroll, a smooth quartic scroll and a Veronese surface respectively. These surfaces have homogeneous ideals generated by quadratic equations whose first syzygies are generated by the linear ones. This property, combined with some elementary intersection theory, allows us to give a thorough description of the irreducible components that make up these intersections, all having codimension two inside the moduli space. The components of C 8 ∩ C 14 had already been described in [ABBV-A] but our approach here is more direct and allows a complete description of the general element of each component. In particular we are able to check which components intersect the Pfaffian locus of the moduli space.
A nice work about the full description of the complement of the Pfaffian locus inside C 14 is being carried out independently by A.Auel [Au] , through the study of Brill-Noether theory of curves on K3 surfaces. This also has implications for the rationality of elements in C 14 .
Here are our results.
Theorem 0.3. There are five irreducible components of C 8 ∩ C 12 indexed by the value P · S = ǫ ∈ {−1, 0, 1, 2, 3}, where P ⊂ X is a plane and S the class of a cubic rational normal scroll.
For ǫ = 0 a general element of the corresponding irreducible component is rational. For ǫ = 2 every element in the corresponding irreducible component is rational.
Theorem 0.4. There are five irreducible components of C 8 ∩ C 14 parametrizing rational cubic hypersurfaces. The components are indexed by the value P · T ∈ {−1, 0, 1, 2, 3}, where P ⊂ X is a plane and T the class of a surface such that T 2 = 10 and T · h 2 = 4. The −1 component is the only one whose generic element is not Pfaffian.
Of course, generically, here above T is a smooth quartic rational normal scroll.
Theorem 0.5. There are six irreducible components of C 8 ∩ C 20 indexed by P · V = γ ∈ {−1, 0, 1, 2, 3, 4}, where P ⊂ X is a plane and V the class of a surface such that V 2 = 12 and V ·h 2 = 4. For γ = −1, 1 and 3 each smooth cubic hypersurface belonging to the corresponding irreducible component is rational.
In this case, generically, V is a Veronese surface.
0.1. Description of the contents. In Section 2 we develop the technical results that will be used in the rest of the paper. In particular, we explain the relation between certain varieties defined by quadratic equations and the OADP condition. Moreover we explicit a little bit of intersection theory calculations on cubic four folds. In Section 3 we reconstruct and give a modern proof of Fano's arguments recalled above and we show the rationality of every element of C 14 . Then, we describe the components of C 8 ∩ C 14 and discuss their geometry.
In Section 4 we consider the irreducible components of C 8 ∩ C 12 , and we discuss the rationality of the general elements of these components.
Finally, Section 5 is dedicated to the description of the irreducible components of C 8 ∩ C 20 and the geometry of Veronese surfaces inside cubic 4-folds.
The paper ends with an Appendix by Giovanni Staglianò containing a lot of relevant examples of smooth cubic hypersurfaces in each irreducible component of C 8 ∩ C j , j = 12, 14, 20.
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Preliminary results
Let X = X 1 ∪ X 2 ∪ ..∪ X r ⊂ P N be an algebraic set with X i 's irreducible and with X i ⊆ X j for every i and j. Let us recall that according to [EGHP] the algebraic set X is said to be a linearly joined sequence if
for every i = 1, . . . , r − 1, where < Y > denotes the linear span of an algebraic set Y ⊂ P N . One should remark that the previous property depends on the order of the irreducible components, see loc. cit.
Recall that a non-degenerate scheme X ⊂ P N is said 2-regular if its homogeneous ideal I(X) is generated by quadratic equations and if I(X) has a linear resolution. In particular the first syzygies of I(X) are generated by the linear ones.
Examples of 2-regular irreducible varieties are non-degenerate varieties X ⊂ P N of minimal degree deg(X) = codim(X) + 1, which are also characterized by the previous algebraic property. In order to state the most general version for schemes let us recall that a scheme X ⊂ P N is said to be small if for every linear space P ⊂ P N such that Y = P ∩ X has finite length deg(Y ) we have dim(< Y >) = deg(Y ) − 1, that is the deg(Y ) points are linearly independent in P N . In particular deg(Y ) ≤ dim(P ) + 1 for every linear space P ⊂ P N .
We are now in position to quote the main result of [EGHP] .
Theorem 1.1. Let X = X 1 ∪. . .∪X r ⊂ P N be an algebraic set. Then the following conditions are equivalent: (i) X is small;
(ii) X is 2-regular;
(iii) X is a linearly joined sequence of varieties of minimal degree.
We shall need the next result.
. . , f M be homogeneous form in N + 1 variables of degree d ≥ 2 such that the Koszul syzygies of the ideal < f 0 , . . . , f M > are generated by the linear ones. Then the closure of each fiber of the rational map
Proof. If y 0 , . . . , y M are homogeneous coordinates on P M the equations of the graph of φ in P N × P M , outside the exceptional divisor over the indeterminacy locus of φ, are y i f j − y j f i = 0, which can be naturally identified with the generators of the Koszul syzygies of < f 0 , . . . , f M > . The hypothesis says that outside the exceptional divisor of the blow-up of P N along V (f 0 , . . . , f M ) the graph of φ can be defined by equations of the form M j=0 a j,l (x)y j = 0 with a j,l (x) linear forms in the variables x = (x 0 , . . . , x N ). Then the closure of the fiber over a point q ∈ φ(P N ) is the scheme inside P N × q given by the linear equations M j=0 a j,l (x)q j = 0, proving the claim.
Let us recall the following important definition. Definition 1.3. Let X be an equidimensional reduced scheme in P 2n+1 of dimension n. The scheme X is called a (generalized) variety with one apparent double point, briefly OADP variety, if through a general point of P 2n+1 there passes a unique secant line to X, that is a unique line cutting X scheme-theoretically in a reduced length two scheme.
The name OADP variety is usually reserved for the irreducible reduced scheme satisfying the previous condition and it comes from the fact that the projection of X from a general point into P 2n acquires a unique singular point, which is double, in the sense that its tangent cone is a reducible quadric of rank 2.
The abstract secant variety S X of a variety X ⊂ P 2n+1 is the restriction of the universal family of G(1, 2n + 1) to the closure of the image of the rational map which associates to a couple of distinct points of X × X the line spanned by them. If X is a OADP variety, by definition the tautological morphism p : S X → P 2n+1 is birational so that, by Zariski's Main Theorem, the locus of points of P 2n+1 through which there passes more than one secant line has codimension at least two in P 2n+1 . By definition, the secant variety to the equidimensional variety X n ⊂ P 2n+1 is p(S X ) ⊆ P 2n+1 .
We define the join S(X, Y ) of two varieties X = X 1 ∪. . .∪X r ⊂ P M and Y = Y 1 ∪. . .∪Y s ⊂ P M , with each X i and Y j irreducible for every i = 1, . . . , r and for every j = 1, . . . , s, by first defining the join of two irreducible components as
and finally letting
Moreover, with these definitions we have that SX := S(X, X) is exactly the secant variety to X defined above.
Let us state an interesting consequence of the two previous results and of the definition of generalized OADP variety. Corollary 1.4. Let X ⊂ P N be a non degenerate reduced algebraic set scheme-theoretically defined by quadratic forms such that their Koszul syzygies are generated by linear syzygies. If through a general point of P N there passes a finite number of secant lines to X, then X ⊂ P N is a generalized OADP variety.
In particular a small algebraic set X ⊂ P N such that through a general point of P N there passes a finite number of secant lines to X is a generalized OADP variety.
Proof. Since X is scheme-theoretically defined by quadratic forms the map φ defined in Proposition 1.2 contracts secant lines to X to points. Since the closure of the fiber of φ passing through a general point p ∈ P N is a linear space L p cutting X along a quadric hypersurface in L p . Thus dim(L p ) = 1 because otherwise through p would pass infinitely many secant lines to X and L p is the unique secant line to X passing through p.
Let X ⊂ P 5 be a smooth cubic hypersurface, briefly a smooth cubic 4-fold. Let S ⊂ X be a smooth surface and let P ⊂ X be a plane such that the scheme-theoretic intersection S ∩ P is a smooth curve C of degree d and genus g.
We calculate the intersection number S · P ∈ Z as cycles inside X under the previous hypothesis.
By [Fu, Proposition 9 .1.1, third formula] we have
For an arbitrary smooth variety Y we shall indicate by K Y the canonical class (or canonical divisor) of Y . We have c 1 (
From the exact sequence
we get
By combining the previous calculation with (1) we deduce
2. Cubic hypersurfaces in C 14 2.1. Fano's construction revisited and rationality of cubics in C 14 . Let C be the moduli space of smooth cubic hypersurfaces in P 5 , which is quasi-projective variety of dimension 20. For generalities on this space one can consult [Has00]. Let us recall from [Has00, Sect. 4] that C 14 ⊆ C is defined as the locus of smooth cubic hypersurfaces X ⊂ P 5 containing a cycle T such that T 2 = 10 and T · h 2 = 4, where h is the cycle of a hyperplane section of X.
The locus C 14 is easily seen to be equal to the closure of smooth cubic hypersurfaces in P 5 containing a smooth rational normal scroll of degree 4. Indeed if T ⊂ X is a smooth quartic rational normal scroll, then T 2 = 10 as a cycle on X by the self-intersection formula and T · h 2 = deg(T ) = 4. In a moment we shall prove that C 14 is an irreducible divisor in C following the geometrical approach of Fano in [Fa] . Another proof is contained in [Has00].
The rationality of some cubic hypersurfaces in P 5 often depends on the fact that they contain a OADP surface, irreducible or reducible. Indeed in this case, as it is well known and easy to prove, the cubic hypersurface is birational to the symmetric product of an irreducible OADP surface or to the ordinary product of two distinct irreducible components whose secant join fills the whole space. Examples of surfaces with one apparent double point are smooth rational normal scrolls of degree 4, smooth quintic del Pezzo surface or their projective degenerations whose secant variety (or join) fills the whole space, see Corollary 1.4.
Indeed a smooth quartic rational normal scroll T ⊂ P 5 is a small variety whose secant variety fill the whole space so that by Corollary 1.4 is a OADP surface. There are two types of smooth quartic rational normal scroll surfaces: S(2, 2), projectively generated by two conics in skew planes and isomorphic to F 0 = P 1 × P 1 , and S(1, 3), projectively generated by a line and a twisted cubic and isomorphic to F 2 . The first type is the most general one and it depends on 29 parameters while the second type depends on 28 parameters. The application of Proposition 1.2 to T yields the following result, part a) being easy and well known.
Proposition 2.1. Let T ⊂ P 5 be a smooth quartic rational normal scroll and let ψ : P 5 P 5 be the rational map defined by the linear system |H 0 (I T (2))|. Then: a) Q = ψ(P 5 ) ⊂ P 5 is a smooth quadric hypersurface. b) the closure of a general fiber of ψ is a secant line to T . c) the closure of a fiber of dimension greater than one is a plane cutting T along a conic.
An explicit birational representation of a smooth cubic hypersurface containing a smooth quartic rational normal scroll T has been described by Fano, see [Fa] and also [AR, Section 4], and by Tregub, see [Tr] . Let us state and easily prove Fano's result.
Theorem 2.2. ( [Fa] ) Let X ⊂ P 5 be a smooth cubic hypersurface containing a smooth quartic rational normal scroll T and let Σ = P 1 × P 2 ⊂ P 5 be the Segre 3-fold described by the planes generated by the pencil of conics contained in T . Then the restriction of ψ to X induces a birational map onto a smooth quadric hypersurface in P 5 .
Let ψ : Bl T X → Q be the induced birational morphism. Then:
a) The positive dimensional fibers of ψ are either secant (or tangent) lines to T contained in X or (a finite number of ) planes spanned by conics contained in T .
b) the map ψ −1 : Q → X is not defined along an irreducible surfaces S whose singular points are the images of the planes spanned by conics of T and contained in X.
c) If X does not contain any plane spanned by a conic contained in T , then S ⊂ P 5 is a smooth surface of degree 10 which is the projection from a tangent plane of a smooth K3 surface S ′ ⊂ P 8 of degree 14 and sectional genus 8, which is the Hilbert scheme of secant lines to T contained in X. The conic C ⊂ S, image of the exceptional divisor on the blow-up of S ′ via tangential projection, is also the image via ψ of Σ.
Proof. The first claim and the conclusions in a) and b) are straightforward applications of Proposition 2.1 after remarking that by Zariski's Main Theorem the locus of point of P 5 through which there passes more than one secant line to T has codimension at least 2. If a plane of the Segre variety Σ is not contained in X, then it intersects X along a conic contained in T plus a line that is secant to T .
Thus these lines describe a rational scroll of degree five Z contained in X, linked to T inside Σ via X. Indeed, T is a divisor of type (0, 2) on Σ, which in turn implies that Z is a divisor of type (3, 1).
Under the hypothesis of c) one immediately sees that S is a smooth surface. For the geometrical description of S we refer to [Fa] or to [AR, Theorem 4.3].
Let T ⊂ P 5 be a smooth quartic rational normal scroll of type S(2, 2) which depends on 29 parameters. Since for any smooth quartic rational normal scroll T ⊂ P 5 we have dim(|H 0 (I T (3))|) = 27, in order to calculate the dimension of C 14 we need to estimate the dimension of the family T of smooth quartic rational normal scrolls contained in a general X ∈ C 14 . This parameter count shows that dim(T ) ≥ 1 since dim(|O P 5 (3)|) = 55 and that codim(C 14 , C) = dim(T ) − 1. We shall immediately prove, following strictly Fano's beautiful arguments, that dim(T ) = 2 without appealing to deformation theory.
First we need a quite striking result which was claimed without proof by Fano in [Fa, top of page 77] and which is a key ingredient to prove geometrically that dim(T ) ≤ 2.
Lemma 2.3. Let X ⊂ P 5 be a smooth cubic hypersurface and let T 1 , T 2 ⊂ X be two algebraically equivalent general smooth quartic rational normal scrolls intersecting in 10 distinct points. Then there exists a unique rank 4 quadric W ⊂ P 5 containing T 1 ∪ T 2 whose vertex is a secant line to T 1 and to T 2 contained in X.
Proof. Let Y = T 1 ∩ T 2 and recall that we can suppose
The quadric hypersurfaces defining T 2 restrict to divisors in |H 0 (O T 1 (2, 4))| and T 2 is 2-regular by Theorem 1.1. By restricting the resolution of the ideal sheaf of T 2 to T 1 , one obtains a complex resolving the sheaf I Y,T 1 . By passing to short exact sequences, one deduces h 1 (I Y,T 1 (2, 4)) = 0, that is: Y imposes independent conditions to |H 0 (O T 1 (2, 4))|. Therefore we have:
Let ψ = ψ 1 : P 5 Q ⊂ P 5 be the birational map defined in Proposition 2.1. Then T 2 is mapped birationally to a degree 6 irreducible surface ψ(T 2 ) ⊂ Q ⊂ P 5 which is degenerate in P 5 by (3). Thus we have h 0 (I T 1 ∪T 2 ,P 5 (2)) = 1. Let W ⊂ P 5 be the unique quadric hypersurface containing T 1 ∪ T 2 .
Let Q ′ ⊂ P 5 a smooth quadric hypersurface and let S ⊂ Q ′ be a smooth surface. Then, letting h be the class of a hyperplane section on S, the self-intersection formula for S on Q ′ yields
is not of maximal rank. A computation as in [EHP, Proposition 2.2] shows that W cannot be of rank 5. Therefore W ⊂ P 5 is of rank 3 or 4. Since T 1 and T 2 are contained in W and since they are distinct we deduce that W has rank 4.
Let us set W := S(L,Q). By this we mean the quadric obtained as a cone whose vertex is a line L ⊂ P 5 and whose base is a smooth quadric surfaceQ ⊂ Q = P 3 ⊂ P 5 such that L ∩ Q = ∅. Then L is a secant line to T 1 and T 2 since these surfaces project from L ontô Q. Thus L ⊂ X since L intersects X in at least four points.
We now come to one of the gems in Fano's paper [Fa] . As far as we know this geometrical construction has not been yet translated into modern geometrical language despite its huge number of citations.
Theorem 2.4. ( [Fa] ) Let X ∈ C 14 and let T ⊂ X be a smooth quartic rational normal scroll and let Σ be the Segre 3-fold generated by the planes spanned by conics in T . Then dim(T ) = 2 and the family T is parametrized by the Hilbert scheme of secant lines to T contained in X, which is a surface S ′ , obtained as a linear section of G(1, 5) ⊂ P 14 with a P 8 . The number of singular points of S ′ is equal to the number of planes of Σ that are contained in X. In particular, if X does not contain any such plane the surface S ′ ⊂ P 8 is a smooth K3 surface of degree 14 and genus 8.
Proof. By the above parameter count we know that dim(T ) ≥ 1. The self-intersection formula on X yields that, for general choices of T 1 , T 2 ∈ T , we have T 1 ·T 2 = 10. Moreover, the surface S defined in Theorem 2.2 naturally parametrizes via ψ the secant (or tangent) lines to T = T 1 contained in X. By part c) of Theorem 2.2, the surface S is smooth if X does not contain any plane of Σ. Hence, the claims about S ′ are straightforward.
Let L ⊂ X be a general secant line to T . By projecting T from L, we deduce that
, be the parameter spaces of the two ruling of lines contained inQ.
Then, letting
, L µ ⊂Q, we can define two one dimensional families of cubic surfaces
. Modulo a renumbering we can suppose that for general λ ∈ Λ 1 and for general µ ∈ Λ 2 we have that
T is a line of the ruling of T and that
Let L µ ⊂ G µ be the unique line contained in the smooth cubic surface G µ which is skew with L and with C µ . Let us set
By varying the line L ⊂ X secant to T , we can construct a two dimensional family of such surfaces, whose general member is a rational scroll. Among the ∞ 2 secant lines of T contained in X, there exists a one dimensional family describing a quintic rational scroll R ⊂ X and consisting of secant lines to T contained in a plane spanned by a conic in T , see the proof of Theorem 2.2. By degenerating a general secant line L to a special secant line L ′ to T in R, the quadric W degenerates to a rank three quadric hypersurface whose vertex is the plane spanned by the conic to which L ′ is secant. In this degeneration the scroll T L degenerates to T . Thus the family just constructed consists of two dimensional cycles algebraically equivalent to T , proving dim(T ) ≥ 2. Thus a general secant line L to T the rational scroll T L ⊂ X is a smooth quartic rational normal scroll such that C ′ λ = P 3 λ ∩ T L is a twisted cubic having L as a secant line and such that L µ = P 3 µ ∩ T L is the line defined above. Therefore T L and T have opposite behavior with respect to the intersection with the two pencils {P 3 } λ∈Λ 1 and {P 3 } µ∈Λ 2 .
Let us now quote from page 76 of [Fa] : La stessa costruzione che dalla T iniziale su X ci ha condotti alle altre ∞ 2 può applicarsi a ciascuna di queste ultime; ma così facendo si ritrova sempre lo stesso sistema ∞ 2 : cambia soltanto, colla T iniziale, il sistema ∞ 2 delle sue corde contenute in X.
This translates as follows: The same construction that from the initial T inside X leads us to the other ∞ 2 can be applied to each one of these; by doing so one always find the same ∞ 2 system: the only thing the changes with the choice of the initial T is the system of its chords contained in X.
Indeed, by applying Lemma 2.3 to T and a general arbitrary T ′ ∈ T , we conclude that T ′ is obtained from T by the previous geometrical construction yielding dim(T ) = 2. The other conclusions now easily follow.
Addington and Lehn show the existence of a two dimensional family of quartic rational normal scrolls via linear algebra for a generic Pfaffian cubic in [AL, Section 2] , expanding the details of the construction drafted by Beauville and Donagi in [BD, Remarques (1) ]. For such a generic Pfaffian cubic they show that each member of the family is a small surface by exhibiting an explicit resolution for each member of the family, see [AL, Section 2] . Hassett and Tschinkel put the question in different deep perspective in [HT, Ex 7.7] , studying rational curves on symplectic fourfolds. Our explicit geometrical description allows us to show the next result which seems to have been overlooked till now and which is valid for arbitrary smooth cubic four folds in C 14 .
Theorem 2.5. Every X ∈ C 14 is rational and C 14 is irreducible.
Proof. Let H be the irreducible component of the Hilbert scheme of P 5 parametrizing quartic rational normal scrolls. An element [T ] ∈ H has degree four by definition and we claim that T is one of the following schemes: a quartic rational normal scroll; a small reducible equidimensional surface in P 5 , see Theorem 1.1, which is an OADP surface; a projection of the two previous classes of surfaces with embedded points at the acquired singularities (this kind of phenomenon is described for instance in [Har, ). Let us remark that at each non reduced point q to a non reduced such T , the tangent space to T at q is the whole P 5 . Thus the elements T ∈ H which are either cones or projections of small OADP surfaces are not contained in any smooth cubic hypersurface since their tangent space at the vertex of the cone, respectively at an acquired singularity, is the whole space.
In order to prove the previous claim let us consider a [T 0 ] ∈ H, where T 0 is not a smooth quartic rational normal scroll. We can suppose that there exists a one dimensional family {T λ } λ∈C , [T λ ] ∈ H, where C is a smooth curve such that 0 ∈ C and T λ is a smooth quartic rational normal scroll for every λ ∈ C \ 0. Fix a general point p ∈ P 5 and let l λ , λ = 0, be the unique secant line to T λ passing through p. The limit line l 0 intersects T 0 along a scheme whose length is at least two.
Suppose T 0 is reduced but not irreducible. By the previous analysis T 0 is also nondegenerate so that it is a reducible small variety, since it is a reducible non-degenerate variety of minimal degree, see Theorem 1.1. By the classification of these objects, we deduce that l 0 is a secant line to T 0 since no tangent line to such a T 0 passes through a general point of P 5 . Let us remark that if T 0 were reduced and irreducible, then T 0 would be a cone over a quartic rational normal curve and l 0 would be necessarily the line joining p and the vertex of T 0 (the other possibility for a reduced and irreducible T 0 would be a Veronese surface which has no tangent and secant line passing through a general point of P 5 ).
Suppose T 0 is not reduced. Then, by definition, T 0 has the same Hilbert polynomial as a smooth quartic rational normal scroll, hence it has necessarily a finite number of non-reduced points. From this it follows that (T 0 ) red is a general projection of a small equidimensional variety, which is necessarily an OADP (otherwise the scheme T 0 would be degenerated in P 5 and l 0 ∩ T 0 would have at most length one). Thus the scheme T 0 is non-reduced only at the acquired singular point p 0 , the line l 0 is tangent to T 0 at p 0 and the scheme T 0 is non-degenerate. The generality of p yields T p 0 T 0 = P 5 .
Let C ⊂ P 55 = P(H 0 (O P 5 (3))) be the open subset parametrizing smooth cubic hypersurfaces in P 5 . Let C 14 = {([T ], [X]) ∈ H × C : T ⊂ X}, let π 1 : C 14 → H be the restriction of the first projection to C 14 and let π 2 : C 14 → C be the restriction of the second projection to C 14 .
Then dim(H) = 29 and for a general [T ] ∈ π 1 (C 14 ) (more precisely for every [T ] ∈ π 1 (C 14 )) we have that π
is an open subset of P(H 0 (I T (3))) = P 27 . Thus C 14 contains an irreducible component W of dimension 56 dominating H. Moreover W is a closed subset of X × C so that π 2 (W ) is a closed irreducible subset of C of dimension 54. Indeed, as shown firstly in [Fa] and reproved in Theorem 2.4 above, the family of quartic rational normal scrolls contained in a general [X] ∈ π 2 (W ) is two dimensional.
Thus the GIT quotient of π 2 (W ) is exactly C 14 , which is thus irreducible. The definition of C 14 together with the previous analysis of the elements of H contained in a smooth cubic hypersurface assure that every X ∈ C 14 contains a OADP small surface T ⊂ X, proving the rationality of every X ∈ C 14 .
The question of whether there exist associated K3 surfaces (in the sense of [Has00] or [Kuz] ) for the rational cubic 4-folds in C 14 which are not Pfaffian, will be addressed in a forthcoming paper.
2.2. Irreducible components of C 14 ∩ C 8 . Let C ′ β be the subset of C 14 ∩ C 8 consisting of smooth cubic hypersurfaces X ⊂ P 5 containing a smooth quintic del Pezzo surface S and a plane P such that S · P = β.
Let h 2 be the class of a smooth cubic surface W ⊂ X, intersection of X with a general P 3 ⊂ P 5 and let T = 3h 2 − S.
Since h 4 = 3, h 2 · S = 5 and S 2 = 13, we get T · h 2 = 4, T 2 = 10 and T · P = 3 − β. For X ∈ C ′ β we can consider T as the class of a rational normal scroll of degree four inside X. Thus the class T ∈ H and since T is contained in a smooth cubic hypersurface we have that T is a small equidimensional surface in P 5 which is an OADP variety.
Let C ′′ τ be the subset of C 14 ∩C 8 consisting of smooth cubic hypersurfaces X ⊂ P 5 containing a smooth rational normal scroll of degree 4 and a plane P such that S · P = τ and let S = 3h 2 − T . For X ∈ C ′′ τ we can consider S as the class of a quintic del Pezzo surface inside X. As above the class S belongs to the Hilbert scheme of quintic del Pezzo surfaces in P 5 but it is not necessarily a smooth quintic del Pezzo surface.
Let A(X) denote the lattice of algebraic 2-cycles on X up to rational equivalence and let d X be the discriminant of the intersection form on A(X).
Example 1. (C ′ β = ∅ = C ′′ τ for β < 0, respectively τ < 0 and for β > 3, respectively τ > 3). If β < 0, then the cycle P · S has to contain a curve. Since S is defined by quadratic equations the scheme-theoretic intersection P ∩ S is either a line L ⊂ S or a conic C ⊂ S. Since K S · L = −1 and K S · C = −2, we deduce from (2): P · S = 1, respectively P · S = 0, contrary to our assumption. The argument for C ′′ τ is identical and it will be omitted. The closure of the locus of smooth cubic hypersurfaces in P 5 containing a pair of skew planes is irreducible, has codimension 2, see [Tr] , and it will be indicated by C −1 . A general X ∈ C −1 contains classes of rational normal scrolls of degree 4 and classes of del Pezzo surfaces of degree 5, see [Tr] , but no smooth rational normal scroll of degree 4 and no smooth quintic del Pezzo surfaces.
Indeed for such a general X we have rk(A(X)) = 3 and d X = 21. If T ⊂ X were a smooth rational normal scroll of degree 4, respectively if S ⊂ X were a smooth quintic del Pezzo surface, then d X = 21 would imply X ∈ C ′′ −1 , respectively X ∈ C ′ −1 , which is impossible as recalled above.
Since T , respectively S, is scheme-theoretically defined by quadratic equations whose first syzygies are generated by the linear ones, we deduce τ ≤ 3, respectively β ≤ 3, since this property clearly passes to the scheme-theoretic intersection with the plane P .
Example 2. (C ′ β = ∅ for β ∈ {0, 1, 2, 3}) By a direct computation one shows that there exists a smooth cubic hypersurface X ⊂ P 5 containing a smooth quintic del Pezzo surface S and a plane P such that S ∩ P is a scheme of length β consisting exactly of β reduced points, see Example 7 in Appendix A .
Therefore a general element X ∈ C ′ β , β ∈ {0, 1, 2, 3}, is rational, pfaffian and it has rk(A(X)) = 3 by the usual semicontinuity/discriminant arguments. Moreover the closure of C ′ β is a component of C 8 ∩ C 14 , whose general member has discriminant described in the following table:
(4) β d X τ 0 29 3 1 36 2 2 37 1 3 32 0 Let X ⊂ P 5 be a smooth cubic hypersurface containing a del Pezzo surface S of degree 5 and a plane P spanned by a conic C ⊂ S. Such examples exist, see [AR] and Example 7 in Appendix A. Then S · P = 0 by (2) so that X ∈ C ′ 0 and d X = 29. These examples are less general than those consisting of cubics hypersurfaces X containing a quintic del Pezzo surface S and a plane P ′ such that P ′ ∩ S = ∅.
Indeed in the previous case S∪P is scheme-theoretically defined by four quadratic equations being the complete intersection of a Segre 3-fold P 1 × P 2 containing S (union of the planes spanned by the pencil of conics to which C = S ∩ P belongs) with a quadric hypersurface through S and P . Thus a general cubic hypersurface containing S ∪P is in the ideal generated by these four quadratic forms. On the contrary a general cubic hypersurface containing S ∪P ′ , P ′ general, belongs to the ideal generated by the five quadratic equations defining S.
We are now in position to give a short, geometrical and self-contained proof of a refinement of the main result of [ABBV-A]. By Theorem 2.5 every element in C 8 ∩ C 14 is rational, a fact proved only for the general element of some components in [ABBV-A].
Theorem 2.6. There are five irreducible components of C 8 ∩ C 14 parametrizing rational cubic hypersurfaces. The components are indexed by the value P · T ∈ {−1, 0, 1, 2, 3}, where P ⊂ X is a plane and T the class of of a surface such that T 2 = 10 and T · h 2 = 4.
Proof. Since X ∈ C 14 the proof of Theorem 2.5 assures that there exists an OADP surface T ⊂ X which is a small variety such that T · h 2 = 4 and T 2 = 10. Let P ⊂ X be a plane such that rk(< h 2 , T, P >) = 3 and let τ = P · T . If T is irreducible, then T is a smooth quartic rational normal scroll so that 0 ≤ τ ≤ 3 by Example 2 or directly by Theorem 1.1. If T = S ∪ P ′ with S ⊂ X a cubic rational normal scroll and P ′ ⊂ X a plane we can take P = P ′ . Since P ′ · S = 0 by (2), we deduce P · T = P 2 = 3. If every irreducible component of T has degree less than or equal to 2, then X contains a pair of skew planes and one easily deduces τ = −1, see also Example 1. In conclusion −1 ≤ τ ≤ 3 and these examples exist by Example 1 and by Example 2.
Denote by A τ the lattice of rank 3 generated by < h 2 , S, P > with τ = P · S as above. We shall indicate by D τ ⊂ C 8 ∩ C 14 the locus of smooth cubic fourfolds such that there is a primitive embedding A τ ⊂ A(X) of lattices preserving h 2 . For −1 ≤ τ ≤ 3 each D τ is a nonempty subvariety by Examples 2 and 1 and it is of pure codimension 2 in C by a variant of the proof of [Has00, Thm. 3.1.2]. The argument in the proof of [ABBV-A, Theorem 4] assures that for a general X ∈ D τ we have A(X) = A τ so that each codimension 2 locus D τ is irreducible and C 8 ∩ C 12 has five irreducible components.
Remark 2.7. To every X ∈ C 8 one associates a rational fibration in quadric surfaces induced by the projection of X from a plane P ⊂ X onto a skew plane. If this fibration admits a rational section, then X is obviously rational.
In [ABBV-A, Proposition 5] it is proved that the previous rational fibration of a general element in an irreducible component of C 8 ∩ C 14 does not admit a rational section if and only if d X is even, if and only if P · T ∈ {0, 2}. Since every element in C 14 is rational a general cubic hypersurface with P · T ∈ {0, 2} is rational although the associated quadric fibration has no rational section. The case P · T = 0 has been firstly considered in [ABBV-A], where an explicit example is also constructed.
Cubic hypersurfaces in C 12
There are two possible definitions of the irreducible divisor C 12 ⊂ C: either as the locus of smooth cubic hypersurfaces having a marking of discriminant 12 or as the closure of the locus of cubic hypersurfaces containing a smooth cubic rational normal scroll S ⊂ X. By analogy with the discriminant 14 case, having a marking of discriminant 12 means containing a surface, whose class S verifies S · S = 7 and S · h 2 = 3. A smooth cubic rational normal scroll can degenerate either to a cone over a twisted cubic; or to the union of a quadric surface Q and a plane P such that Q ∩ P =< Q > ∩P = L is a line; or to the union of three planes by further degenerating Q. All these examples are small varieties and are contained in smooth cubic hypersurfaces. There are further degenerations obtained by projection but the resulting degree 3 schemes are not contained in a smooth cubic hypersurface in P 5 . Thus every element X ∈ C 12 either contains a cubic rational normal scroll or a reducible surface Q ∪ P as above, where Q is a quadric surface, irreducible or not. In the last case X ∈ C 12 ∩ C 8 and P · (Q + P ) = 3. Moreover if S = P ∪ Q, letting P 1 + Q = h 2 , we see that there exists a plane P 1 ∈< h 2 , Q, P > such that P 1 · P = 1 and P 1 · (Q + P ) = −1.
Let C ′′′′ ǫ be the subset of C 12 ∩C 8 consisting of smooth cubic hypersurfaces X ⊂ P 5 containing a smooth rational normal scroll S of degree 3 and a plane P such that S · P = ǫ.
Example 3. (C ′′′′ ǫ = ∅ for ǫ ∈ {−1, 0, 1, 2, 3}) By a direct computation one shows that there exists a smooth cubic hypersurface X ⊂ P 5 containing a smooth rational normal scroll S of degree 3 and a plane P such that S ∩ P is a scheme of length ǫ, ǫ ∈ {0, . . . , 3} consisting exactly of ǫ reduced points, see Example 8 in Appendix A. A general element X ∈ C ′′′′ ǫ , ǫ ∈ {0, 1, 2, 3}, has rk(A(X)) = 3 by the usual semicontinuity/discriminant arguments.
Let X ⊂ P 5 be a smooth cubic hypersurface containing a smooth rational normal scroll S of degree 3 and a plane P spanned by a conic C ⊂ S. Such examples exist, see Examples 8 in Appendix A, and S · P = −1 by (2) so that X ∈ C ′′′′ −1 . In this case S ∪ P ⊂< S >= P 4 is a degenerate reducible surface whose hyperplane sections have arithmetic genus one.
Let X ⊂ P 5 be a smooth cubic hypersurface containing a smooth rational normal scroll S of degree 3 and a plane P such that P ∩ S = P ∩ < S > is a line of the ruling of S, that is S ∪ P is a small equidimensional OADP surface. Such examples exist, see Examples 8 in Appendix A, and S · P = 0 by (2) so that X ∈ C ′′′′ 0 . In particular such cubic hypersurfaces are rational.
The are also cubics hypersurfaces X containing a cubic rational normal scroll S and a plane P ′ such that P ′ ∩ S = ∅. The general element of this family is also rational. Indeed we have rk(A(X)) = 3 and, letting Q + P = h 2 , from S · Q = 3 and S ∩ P ′ = ∅ we deduce that the rational quadric fibration over P 2 determined by projection from P ′ has a rational section.
Let X ⊂ P 5 be a smooth cubic hypersurface containing a smooth rational normal scroll S of degree 3 and a plane P such that P ∩ S = P ∩ < S > is the directrix line of S. Such examples exist, see Example 8 in Appendix A, and S · P = 1 by (2) so that X ∈ C ′′′′ 1 . In this case S ∪ P ⊂ P 5 is a reducible surface which is a flat projective degeneration of a Veronese surface in P 5 . In particular the secant lines to S ∪ P fill two irreducible varieties of dimension 4: < S > and the join of S and P which is a quadric surface with vertex P .
These are also cubics hypersurfaces X containing a cubic rational normal scroll S and a plane P ′ such that P ′ ∩ S reduces to a point, see Example 8 in Appendix A.
Every X ∈ C ′′′′ 2 is rational. Indeed in this case S ∪P ⊂ P 5 is a reducible OADP -surface (the projection of S ∪ P from a general point of P 5 acquires a node, the third point of intersection between the projections of S and P ). Let us remark that P < S >= P 4 since P · S = 2 implies that P and S cut only at two points.
Let P ⊂ X be a plane such that rk(< h 2 , S, P >) = 3, let d X be the discriminant of the Gram matrix of < h 2 , S, P > and let ǫ = P · S. Then for the previous examples −1 ≤ ǫ ≤ 3 and . Theorem 3.1. There are five irreducible components of C 8 ∩ C 12 indexed by the value P · S = ǫ ∈ {−1, 0, 1, 2, 3}, where P ⊂ X is a plane and S the class of a surface such that S · S = 7 and S · h 3 = 3. For ǫ = 0 a general element of the corresponding irreducible component is rational. For ǫ = 2 every element in the corresponding irreducible component is rational.
Proof. Denote by A ǫ the lattice of rank 3 generated by < h 2 , S, P > with ǫ = P · S. We shall indicate by F ǫ ⊂ C 8 ∩ C 12 the locus of smooth cubic fourfolds such that there is a primitive embedding A ǫ ⊂ A(X) of lattices preserving h 2 . For −1 ≤ ǫ ≤ 3 each F ǫ is a nonempty subvariety by Example 3, which is of pure codimension 2 in C by a variant of the proof of [Has00, Thm. 3.1.2].
Every X ∈ C 12 contains a surface S which is either a cubic rational normal scroll or the union of a quadric Q and of a plane P cutting along a line L = P ∩ < Q >, see the discussion at the beginning of the section.
If S = Q ∪ P is reducible, then ǫ = −1 or 3, see the beginning of this section. If S is irreducible, then it is a cubic rational normal scroll which is a small variety so that ǫ ∈ {0, 1, 2, 3} by the usual argument, see also Example 3, or by (2) if S ∩ P contains a curve.
In conclusion −1 ≤ ǫ ≤ 3 and all these examples exist by Example 3. If ǫ = 0 or ǫ = 2, then d X = 29 so that A ǫ = A(X) for a general X in the corresponding F ǫ by the argument in the proof of [ABBV-A, Theorem 4]. For ǫ = −1, 1, 3 an argument via lattice theory similar to that in [ABBV-A, Theorem 4] assures that also in these cases for general X ∈ F ǫ we have A ǫ = A(X), see the argument in subsection 3.0.1 below. In particular each codimension 2 locus F ǫ is irreducible, proving that C 8 ∩ C 12 has five irreducible components.
For the rationality properties see Example 3 while to describe the general element let us remark that for ǫ = 0, 1, 2 there are two possibilities: either P cuts S along a conic, respectively a line of the ruling or along the directrix line; or P cuts S in 0, respectively 1 point, respectively 2 points. For a fixed S the second configurations are more general than the first ones.
3.0.1. Irreducibility of the components with ǫ = −1, 3 and 1. In this section we will perform some easy lattice computations in order to prove the irreducibility of the aforementioned components of C 8 ∩ C 14 . Let us start with ǫ = 1 and d X = 32. Then the Gram matrix for h 2 , S, P ⊆ A(X) of a generic element X with these features is the following (6) h 2 P S h 2 3 1 3 P 1 3 1 S 3 1 7
Let us denote by A 1 this matrix, and by C A 1 the corresponding locus in the moduli space. In order to determine whether any component is irreducible or not, we need to remark that the rank of A(X) is an upper-semicontinuous function over the moduli space. In this case we have rk(A(X)) = 3. Moreover, rk(A(X)) = k is a codimension k condition, hence all the irreducible components of C A 1 correspond to rank 3 overlattices B of C A 1 which admit primitive embeddings into H 4 (X, Z). In the rest of this section we will show irreducibility of the three mentioned components, by following ideas from [ABBV-A, Sect. 2] and [Nu, . The idea is to show that every possible overlattice B of the lattices A τ can not be the lattice of A(X) for some cubic 4-fold X. This is done by verifying the conditions on cubic 4-fold lattices described in [Vo] , [Lo] and [Ma] .
The first observation that we need to make is that the lattice h 2 , P must be primitively embedded in all the possible overlattices B. Let us denote by R the vector R = xh 2 +yP +zS that completes the basis of B, with rational coefficients x, y and z. It is straightforward to see that this implies that the embedding A 1 ֒→ B can be described by the following matrix with integer entries This in turn implies that z = 1 n for some integer n. Let us set x ′ = nx and y ′ = ny and observe that x ′ , y ′ ∈ Z. Thus we can write R = 1 n (x ′ h 2 + y ′ P + S), and it is harmless to assume that 0 ≤ x ′ , y ′ ≤ n. Hence we have |B/A 1 | = n. Let us now denote by B 0 the primitive restritcion of B. Straightforward computations show that B 0 = a, 1 n (x ′ a + b) , where we set a = (1, −3, 0) and b = (0, −3, 1), and |B 0 /A 1,0 | = n. That is: B 0 is a proper finite overlattice of A 1,0 and from now on we will work on these rank 2 lattices. Now, n 2 = |B 0 /A 1,0 | 2 = 32/ disc(B 0 ). This number is a square if and only if it is equal to 4 or 16, hence n = 2 or 4.
If n = 2 then x ′ = 0 or 1. If x ′ = 0 then B 0 = a, . With some relief, we remark that no one of this lattices is integral, hence they can all be excluded. In conclusion, C A 1 is irreducible.
Let us now pass to the irreducibility of the locus where ǫ = −1. The strategy will be basically the same and we stick to the same notation. The discriminant for the generic element of this component is d X = 20 and the Gram matrix of h 2 , S, P ⊆ A(X) is the following (8)
As before, if B 0 is a primitive overlattice of A −1,0 , then n 2 = 20/ disc(B 0 ) must be a perfect square, hence the only possibility is 4. This implies n = 2 and x ′ = 0 or 1. As before we can take a = (1, −3, 0) and b = (0, −3, 1). . Moreover, the value of the symmetric form Q B (h 2 , R) must be an integer and we have
2 . This implies y ′ = 1 and the Gram matrix of B is (9) 3 1 2 1 3 1 2 1 2 with R = 1 2 (P + S). But it is easy to see that (0, 0, ±1) are short roots (i.e. primitive vectors of norm 2), hence, thanks to [Vo, Sect.4, Prop.1] , in this case there are no primitive overlattices of A −1 .
Let us now assume x ′ = 1. Then B 0 = a, 1 2 (a + b) and it is easy to see that the norm of 1 2 (a + b) is odd, hence B cannot be the lattice of a cubic 4-fold, since it must be even [Ma, Thm. 6.1, 2]. This implies that also C A −1 is irreducible.
In order to complete our description of the intersection C 8 ∩ C 14 , we need to consider the last remaining class of cubic 4-folds with d X = 20, that is those with ǫ = 3. The Gram matrix for the generic element is (10) h 2 P S h 2 3 1 3 P 1 3 3 S 3 3 7
Since the discriminant is the same as the preceding case, we have n = 2 and x ′ = 0 or 1. If x ′ = 0, then B 0 is once again generated by a and 1 2 b, with a and b as above. This gives a Gram matrix for B 0 equal to 24 9 9 4 . As before, we must have Q B (h 2 , R) ∈ Z, hence y ′ = 1. This means that the Gram matrix for the lattice h 2 , P, R is (11) 3 1 2 1 3 3 2 3 4
We check easily that (±1, ±1, ∓1) are short roots of this lattice, hence this cannot be the lattice of a cubic fourfold.
Let us now suppose that x ′ = 1, then B 0 = a, 1 2 (a + b) and the norm of the second vector of the basis is 19, hence B cannot be even. This implies in turn that also C A 3 is irreducible.
Cubic hypersurfaces in C 20
The closure of the locus of smooth cubic hypersurfaces X ⊂ P 5 containing a Veronese surface V ⊂ P 5 is indicated with C 20 . Since V 2 = 12 the discriminant of a general X ∈ C 20 with rk(A(X)) = 2 is exactly 20.
Let C ′′′ γ be the subset of C 20 ∩C 8 consisting of smooth cubic hypersurfaces X ⊂ P 5 containing a smooth non-degenerate Veronese surface V ⊂ P 5 and a plane P such that V · P = γ.
Example 4. (C ′′′ γ = ∅ for γ < −1 and for γ > 3). If γ < 0, then the scheme-theoretic intersection P ·V must contain a curve. Since V is defined by quadratic equations the schemetheoretic intersection P ∩ V is a conic C ⊂ V . From K V · C = −3 we deduce V · P = −1 by (2). These examples exist as it is shown in Appendix A below.
If γ = −1, then γ ≥ 0 and we can suppose that P ∩ V is finite and that it consists of γ points counted with multiplicity. Since V is scheme-theoretically defined by quadratic equations whose first syzygies are generated by the linear ones, we get 0 ≤ γ ≤ 3.
Example 5. (C ′′′ γ = ∅ for β ∈ {−1, 0, 1, 2, 3}) By a direct computation one shows that there exists a smooth cubic hypersurface X ⊂ P 5 containing a Veronese surface V and a plane P such that V ∩ P is a scheme of length γ ∈ {0, 1, 2, 3}, consisting exactly of γ reduced points, see Example 6 in Appendix A. If γ = 3, then V ∪ P is an OADP surface and X ∈ C ′′′ 3 is rational.
There also exist smooth cubic hypersurfaces X ⊂ P 5 containing a Veronese surface V and a plane P such that P ∩ V = C. These examples are easily seen to be rational.
Moreover, a general element X ∈ C ′′′ γ , γ ∈ {−1, 0, 1, 2, 3} has rk(A(X)) = 3 by the usual semicontinuity/discriminant arguments and it has discriminant d X described in the following table:
(12)
Reasoning as in the proof of Theorem 2.5 one proves that a smooth cubic hypersurface X ∈ C 20 contains one of the following surfaces: a Veronese surface; a small reducible equidimensional surface whose secant variety does not fill the whole space; an isomorphic projection of the previous varieties.
Theorem 4.1. There are six irreducible components of C 8 ∩ C 20 indexed by P · V = γ ∈ {−1, 0, 1, 2, 3, 4}, where P ⊂ X is a plane and V the class of a surface such that V 2 = 12 and V ·h 2 = 4. For γ = −1, 1 and 3 each smooth cubic hypersurface belonging to the corresponding irreducible component is rational.
Proof. By the previous analysis any X ∈ C 20 contains a surface V and a plane P as in the statement and we can suppose rk(< h 2 , V, P >) = 3. Let γ = P · V .
If V = S ∪ P is reducible, with S a cubic rational normal scroll, or one of its degenerations, and P a plane, then S · P = 1 and V · P = (S + P ) · P = 4.
If V ⊂ P 5 is irreducible, then it is a Veronese surface and X ∈ C ′′′ γ so that γ ∈ {−1, 0, 1, 2, 3} by Example 4. In conclusion −1 ≤ γ ≤ 4.
If γ = −1, then X is rational since X contains a plane spanned by a conic contained in V . If γ = 3, then each X in the corresponding irreducible component is rational since it contains a Veronese surface V and a plane P intersecting V in three points, which is a reducible OADP surface. If γ = 1, then a cubic hypersurface in the corresponding irreducible component is rational because, letting Q = h 2 − P , we have Q · V = 4 − γ so that the rational quadric fibration defined by projection from P has a rational section. 4.0.2. Irreducibility of components with d X = 48 and 52. As we did in Sect. 3.0.1, also in this case we need some elementary lattice theory to prove the irreducibility of the components with γ = 0 or 2.
Let us first assume γ = 0. Then the Gram matrix of the generic element is (13) h 2 P V h 2 3 1 4 P 1 3 0 V 4 0 12
We repeat similar calculations to those made in Section 3.0.1. We will also stick to the notation introduced therein.
Here we set a = (1, −3, 0) and b = (0, −4, 1). In this case we have n 2 = 48/ disc(B 0 ), hence n can be 2 or 4. If n = 2, then x ′ = 0 or 1. Suppose x ′ = 0, then B 0 = a, 2 ) and its norm is 39 hence the lattice is not even. Let us now pass to the n = 4 case. In this case x ′ may be equal to 0, 1, 2 and 3. Moreover, B 0 is generated by a and (respectively) (by Giovanni Staglianò)
We shall construct explicitly, by using the software system Macaulay2 [GS14] , smooth cubic hypersurfaces in P 5 which contain a given smooth rational surface and a plane in a certain position with regard to the surface. More precisely, we shall exhibit a smooth cubic hypersurface of P 5 containing a Veronese surface (resp. a quintic del Pezzo surface; resp. a cubic rational normal scroll) and a plane intersecting the surface along one of the following schemes: an irreducible conic; a set of 1 ≤ i ≤ 3 linearly independent reduced points; the empty scheme. Furthermore we will showcase an example of smooth cubic hypersurface containing a del Pezzo quintic and two disjoint planes.
A.1. Some non-deterministic methods. We begin by constructing the main tool we need, which we call RSCI (random smooth complete intersection). It takes in input a homogeneous ideal I of a closed subscheme V (I) ⊂ P n and two integers d, e; it returns the homogeneous ideal of a smooth complete intersection of e hypersurfaces of degree d containing the subscheme V (I). If such a complete intersection does not exist, the routine goes in an infinite loop and does not produce any output; if instead the complete intersection exists, it returns such output with a high probability of doing so in a short running time. The subroutine isSmooth, called above, takes in input a homogeneous ideal I and returns a boolean value according to the condition of being smooth for the projective scheme V (I). It is defined as follows:
i2 : isSmooth = (I) -> (codim(minors(codim I,jacobian I)+I) >= dim ring I);
Now we define two more specific routines. The first, called findPointsOnImage, takes in input a ring map, representing a rational map h : P m P n , and a non-negative integer i; it returns the homogeneous ideal of a set of i linearly independent reduced points on the image Z of h. The second routine, called mergePlane, takes in input the map h and the homogeneous ideal of a closed subscheme Y of the image Z; it returns the homogeneous ideal of the union of Z with a plane P such that the scheme-theoretic intersection Z ∩ P is Y . A.2. Parametrizations of the surfaces. Here we fix parametrizations for the three surfaces we consider.
A.2.1. Veronese surface. We get a parametrization of a Veronese surface by the map associated to the linear system of all conics in P 2 : The image of our parametrization is defined by the ideal of 2 × 2 minors of the matrix:
A.2.2. Quintic del Pezzo surface. We get a parametrization of a quintic del Pezzo surface by the map associated to the linear system of all cubic curves in P 2 passing through four points in general position:
i9 : delPezzoMap=map(ringP2,ringP5,gens image basis(3,intersect(ideal(t_0,t_1), ideal(t_1,t_2),ideal(t_2,t_0),ideal(t_0-t_1,t_2-t_0)))); o9 : RingMap ringP2 <---ringP5
The image of our parametrization is defined by the five quadratic forms:
A.2.3. Cubic rational normal scroll. From the definition of rational normal scroll surface S(a, b) ⊂ P a+b+1 , 0 ≤ a ≤ b, we deduce an obvious parametrization P 2
The image of this parametrization is defined by the ideal of 2 × 2 minors of the matrix:
In particular, for (a, b) = (1, 2), we obtain the map P 2 S(1, 2) ⊂ P 4 = V (x 5 ) ⊂ P 5 :
i11 : S12Map=map(ringP2,ringP5,scrollMap(1,2) | {0}); o11 : RingMap ringP2 <---ringP5
A.2.4. Setting up of the intersections between the surfaces and the planes. By using the above defined parametrizations, we can discover an irreducible conic curve contained in the Veronese surface (resp. in the quintic del Pezzo surface; resp. in the cubic rational normal scroll) by taking the image of a line (resp. of an irreducible conic passing through the four points We also use the parametrizations of the surfaces to find out sets of 0 ≤ i ≤ 3 linearly independent reduced points on them.
i12 : conicOnVeronese=preimage(veroneseMap,ideal t_0); o12 : Ideal of ringP5 i13 : conicOndelPezzo=preimage(delPezzoMap,RSCI(ideal matrix delPezzoMap,2,1)); o13 : Ideal of ringP5 i14 : conicOnS12=preimage(S12Map,ideal(t_0+t_2)); o14 : Ideal of ringP5 i15 : pointsOnVeronese=for i to 3 list findPointsOnImage(veroneseMap,i); i16 : pointsOndelPezzo=for i to 3 list findPointsOnImage(delPezzoMap,i); i17 : pointsOnS12=for i to 3 list findPointsOnImage(S12Map,i);
A.3. Determination of the examples. Now we are ready to compute the promised smooth cubic hypersurfaces in P 5 . We exhibit them in Examples 6, 7 and 8; they were obtained from the following code (of which we omit the output lines).
i18 : {RSCI(mergePlane(veroneseMap,conicOnVeronese),3,1)} | for i to 3 list RSCI(mergePlane(veroneseMap,pointsOnVeronese_i),3,1) i19 : {RSCI(mergePlane(delPezzoMap,conicOndelPezzo),3,1)} | for i to 3 list RSCI(mergePlane(delPezzoMap,pointsOndelPezzo_i),3,1) i20 : {RSCI(mergePlane(S12Map,conicOnS12),3,1)} | for i to 3 list RSCI(mergePlane(S12Map,pointsOnS12_i),3,1)
Example 6 (Smooth cubics containing the Veronese surface). The following cubic forms C define hypersurfaces containing the Veronese surface Z and a plane P as follows:
. Example 7 (Smooth cubics containing the quintic del Pezzo surface). The following cubic forms C define hypersurfaces containing the quintic del Pezzo surface Z and a plane P as follows:
x 5 + x 0 x 4 x 5 + 5x 1 x 4 x 5 − x 2 x 4 x 5 + 3x 3 x 4 x 5 − 2x 2 4 x 5 − x 0 x 2 5 − x 3 x 2 5 + x 4 x 2 5 ;
(c) P = V (x 2 − x 4 − x 5 , x 1 + x 3 + x 4 + 2x 5 , x 0 ), Z ∩ P consists of one point, C = x 2 0 x 1 − x 1 x 2 2 + x 0 x 1 x 3 + x 2 1 x 3 + x 0 x 2 x 3 + x 2 2 x 3 + x 1 x 2 3 + x 2 0 x 4 + x 0 x 1 x 4 + x 2 2 x 4 + x 1 x 3 x 4 − 2x 2 x 3 x 4 + x 0 x 2 4 − 2x 2 x 2 4 − 2x 2 0 x 5 − x 0 x 1 x 5 − 2x 2 1 x 5 − 2x 0 x 2 x 5 − 2x 0 x 3 x 5 − x 1 x 3 x 5 + 2x 2 x 3 x 5 − x 2 3 x 5 + 7x 0 x 4 x 5 + 2x 1 x 4 x 5 − 2x 2 x 4 x 5 − x 3 x 4 x 5 + 2x 2 4 x 5 − 2x 0 x 2 5 − 3x 1 x 2 5 − 5x 3 x 2 5 + 5x 4 x 2 5 ;
(d) P = V (x 4 + x 5 , x 1 − x 2 + 2x 3 + 2x 5 , x 0 + x 2 − x 3 − x 5 ), Z ∩ P consists of two points, C = x 2 0 x 1 +x 0 x 2 1 −x 0 x 1 x 2 −x 2 1 x 2 +x 2 1 x 3 +x 1 x 2 x 3 −4x 2 2 x 3 +3x 1 x 2 3 +8x 2 x 2 3 +x 2 0 x 4 +x 1 x 2 x 4 + x 2 2 x 4 + x 0 x 3 x 4 + x 0 x 2 4 − x 2 0 x 5 − 5x 0 x 1 x 5 − x 2 1 x 5 + 4x 0 x 2 x 5 + 2x 1 x 2 x 5 − 9x 0 x 3 x 5 − x 1 x 3 x 5 + 12x 2 x 3 x 5 − 4x 2 3 x 5 + x 0 x 4 x 5 − 4x 2 x 4 x 5 + 3x 3 x 4 x 5 + x 2 4 x 5 − 9x 0 x 2 5 − 3x 1 x 2 5 − 4x 3 x 2 5 + 4x 4 x 2 5 ;
(e) P = V (x 3 +x 4 , x 1 −x 5 , x 0 +x 2 ), Z ∩P consists of three points, C = x 0 x 2 1 +x 0 x 1 x 2 −x 2 1 x 2 − x 1 x 2 2 + x 0 x 1 x 3 + x 2 2 x 3 + x 2 x 2 3 + x 2 0 x 4 + x 0 x 2 x 4 + x 1 x 2 x 4 + x 2 2 x 4 + 2x 0 x 3 x 4 + 2x 1 x 3 x 4 + 3x 2 x 3 x 4 + x 0 x 2 4 + x 2 x 2 4 − x 0 x 1 x 5 − 2x 0 x 2 x 5 − 3x 1 x 2 x 5 − 3x 0 x 3 x 5 + x 2 x 3 x 5 − 2x 2 3 x 5 − x 0 x 4 x 5 − 4x 1 x 4 x 5 + x 2 x 4 x 5 − x 3 x 4 x 5 + 3x 2 4 x 5 − 4x 0 x 2 5 − 2x 3 x 2 5 + 2x 4 x 2 5 . Example 8 (Smooth cubics containing the cubic rational normal scroll). The following cubic forms C define hypersurfaces containing the surface Z = S(1, 2) and a plane P as follows: (a) P = V (x 5 , x 1 + x 3 , x 0 + x 2 ), Z ∩ P is a conic, C = x 2 1 x 2 + x 1 x 2 2 − x 0 x 2 x 3 + x 1 x 2 x 3 + x 1 x 2 3 + x 3 3 − x 2 0 x 4 − x 0 x 2 x 4 − x 0 x 3 x 4 + x 1 x 3 x 4 − x 2 x 3 x 4 + x 2 3 x 4 − x 0 x 2 4 − x 2 x 2 4 + x 0 x 1 x 5 + x 2 2 x 5 + x 0 x 3 x 5 + x 1 x 3 x 5 + x 2 x 3 x 5 + 2x 2 3 x 5 + x 2 4 x 5 + x 0 x 2 5 + x 2 x 2 5 + x 4 x 2 5 ;
(b) P = V (x 2 − x 5 , x 1 , x 0 + x 3 + x 4 + x 5 ), Z ∩ P = ∅, C = x 2 1 x 2 + x 1 x 2 2 + x 0 x 1 x 3 − x 0 x 2 x 3 + x 1 x 2 x 3 + x 2 x 2 3 − 2x 2 0 x 4 − x 0 x 2 x 4 + 2x 1 x 2 x 4 − x 2 2 x 4 − 2x 0 x 3 x 4 + 2x 1 x 3 x 4 − 2x 0 x 2 4 + x 2 0 x 5 + x 0 x 1 x 5 + x 2 1 x 5 + x 0 x 2 x 5 + x 2 2 x 5 + x 0 x 3 x 5 + 2x 1 x 3 x 5 + x 2 x 3 x 5 − 2x 2 3 x 5 + x 0 x 4 x 5 + x 1 x 4 x 5 + 2x 2 x 4 x 5 + x 2 4 x 5 + 2x 0 x 2 5 + x 1 x 2 5 + x 2 x 2 5 + 2x 4 x 2 5 ;
(c) P = V (x 3 + x 4 + x 5 , x 2 − x 5 , x 1 ), Z ∩ P consists of one point, C = x 0 x 1 x 2 + x 2 1 x 2 − x 2 0 x 3 + 2x 2 1 x 3 + x 1 x 2 x 3 − x 0 x 2 3 + 2x 1 x 2 3 + x 2 x 2 3 − x 2 0 x 4 − 2x 0 x 1 x 4 − x 2 2 x 4 − 2x 0 x 3 x 4 + x 1 x 3 x 4 − x 0 x 2 4 −x 2 0 x 5 +x 2 1 x 5 +x 1 x 2 x 5 +x 2 2 x 5 −x 0 x 3 x 5 −x 0 x 4 x 5 +x 1 x 4 x 5 +x 2 x 4 x 5 +x 3 x 4 x 5 +x 3 x 2 5 −x 3 5 ; (d) P = V (x 3 + x 4 + x 5 , x 2 − x 4 + x 5 , x 1 − x 4 ), Z ∩ P consists of two points, C = x 0 x 1 x 2 + x 1 x 2 2 − x 2 0 x 3 + x 0 x 1 x 3 − x 0 x 2 x 3 + x 1 x 2 x 3 + x 0 x 2 3 − x 2 0 x 4 − 2x 0 x 2 x 4 + x 1 x 2 x 4 − x 0 x 3 x 4 + x 1 x 3 x 4 + x 2 3 x 4 − x 0 x 2 4 − x 2 x 2 4 − x 2 0 x 5 + x 2 1 x 5 + x 1 x 2 x 5 + x 1 x 3 x 5 − 3x 0 x 4 x 5 − x 1 x 4 x 5 + 2x 2 x 4 x 5 − x 2 4 x 5 + x 1 x 2 5 + x 2 x 2 5 − x 4 x 2 5 + x 3 5 ;
(e) P = V (x 5 , x 3 , x 0 + x 1 + x 2 ), Z ∩ P consists of three points, C = x 0 x 1 x 2 + x 2 1 x 2 + x 1 x 2 2 − x 2 0 x 3 + x 0 x 1 x 3 + 2x 2 1 x 3 − x 0 x 2 x 3 + x 1 x 2 x 3 + x 1 x 2 3 − x 2 x 2 3 + x 3 3 − 2x 2 0 x 4 − 2x 0 x 1 x 4 − x 0 x 2 x 4 + x 1 x 2 x 4 + x 2 2 x 4 − 2x 0 x 3 x 4 − x 2 x 3 x 4 + x 2 0 x 5 + x 2 1 x 5 + x 0 x 2 x 5 + x 1 x 2 x 5 + x 2 2 x 5 + x 0 x 3 x 5 + x 1 x 3 x 5 + x 2 x 3 x 5 + x 2 3 x 5 + x 2 x 4 x 5 + x 3 x 4 x 5 + x 2 4 x 5 + x 2 x 2 5 + x 3 x 2 5 + x 3 5 . Furthermore we have the following two examples: (f) P = V (x 3 + x 4 , x 2 − x 4 , x 0 + x 1 ), Z ∩ P consists of a line of the ruling of Z, C = x 2 1 x 2 + x 1 x 2 2 −x 0 x 2 x 3 +x 1 x 2 x 3 −x 0 x 2 3 +x 1 x 2 3 +x 2 x 2 3 −x 2 0 x 4 −x 2 2 x 4 −x 0 x 3 x 4 +x 1 x 3 x 4 +x 2 3 x 4 −x 0 x 2 4 − x 2 x 2 4 +x 2 0 x 5 +x 0 x 1 x 5 +x 0 x 2 x 5 +2x 1 x 2 x 5 +2x 1 x 3 x 5 +x 2 x 3 x 5 +x 2 3 x 5 +x 1 x 4 x 5 +x 0 x 2 5 +x 1 x 2 5 ;
(g) P = V (2x 4 + x 5 , 2x 3 + x 5 , 2x 2 + x 5 ), Z ∩ P consists of the directrix line of Z, C = 2x 0 x 1 x 2 + 2x 1 x 2 2 − 2x 2 0 x 3 + 2x 2 1 x 3 − 2x 0 x 2 x 3 + x 3 3 − 2x 0 x 1 x 4 + 2x 1 x 2 x 4 − 2x 0 x 3 x 4 − x 2 x 3 x 4 − x 2 0 x 5 + x 2 1 x 5 − x 0 x 2 x 5 + 3x 1 x 2 x 5 + 2x 2 2 x 5 − 2x 0 x 3 x 5 + 2x 2 x 3 x 5 − x 0 x 4 x 5 + x 1 x 4 x 5 + 2x 3 x 4 x 5 + 2x 2 4 x 5 − x 0 x 2 5 + x 1 x 2 5 + x 2 x 2 5 + x 3 x 2 5 + 4x 4 x 2 5 + x 3 5 . Example 9 (Smooth cubic fourfolds containing a del Pezzo quintic and two disjoint planes). By methods very similar to the above, we can isolate two conics lying on the del Pezzo quintic such that the two planes P 1 and P 2 obtained as linear spans are disjoint.
The scheme Z is the union of the del Pezzo quintic and the two disjoint planes found here above Z=intersect(kernel delPezzoMap, linSpanConic1, linSpanConic2) As usual, in order to get the smooth cubic fourfold C containing Z we perform:
C=RSCI(Z,3,1).
This in turn gives the following equation: C = 2x 2 0 x 1 − 2x 1 x 2 2 + x 0 x 1 x 3 + x 2 1 x 3 + x 1 x 2 x 3 + x 2 2 x 3 + x 1 x 2 3 − x 0 x 1 x 4 + x 2 2 x 4 − 2x 0 x 3 x 4 + x 2 x 2 4 − 2x 2 0 x 5 + x 0 x 1 x 5 − 3x 0 x 2 x 5 − x 0 x 3 x 5 + x 2 x 3 x 5 + x 2 3 x 5 + x 0 x 4 x 5 − x 1 x 4 x 5 − x 3 x 4 x 5 − 2x 0 x 2 5 + 2x 1 x 2 5 + x 3 x 2 5 − x 4 x 2 5 , with P 1 = V (x 2 + x 5 , x 1 + x 4 , x 0 + x 3 ), P 2 = V (2x 2 − x 5 , 2x 1 − x 4 , 2x 0 − x 3 ).
